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Abstract: We present a framework that resums threshold enhanced large logarithms
to all orders in perturbation theory for the production of a pair of leptons in Drell-Yan
process and of Higgs boson in gluon fusion as well as in bottom quark annihilation. These
logarithms include the distributions ((1−z)−1 logi(1−z))+ resulting from soft plus virtual
(SV) and the logarithms logi(1−z) from next to SV contributions. We use collinear factori-
sation and renormalisation group invariance to achieve this. We find that the resummed
result is a solution to Sudakov type differential equation and hence it can predict soft plus
virtual contributions as well as next to SV contributions to all orders in strong coupling
constant to the partonic coefficient function in terms of infrared anomalous dimensions
and process independent functions. The z space resummed result is shown to have integral
representation which allows us to resum the large logarithms of the form logi(N) retaining
1/N corrections resulting from next to SV terms. We show that in N space, tower of
logarithms ans /N
α log2n−α(N), ans /Nα log
2n−1−α(N) · · · etc for α = 0, 1 are summed to all
orders in as.
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1 Introduction
Precision studies in the context of Large Hadron Collider (LHC) play an important role
to decipher the experimental data to understand the physics at extremely small length
scales. The tests [1] of the Standard Model (SM) of high energy physics at the LHC with
unprecedented accuracy can provide indirect clues to unravel physics beyond SM (BSM).
Accurate measurements of SM observables such as the productions of lepton pairs, vector
bosons such as photons, Zs and Ws, top quarks, Higgs bosons etc are underway. From
the theory side, the predictions for these observables are available taking into account
various higher order quantum effects. Both in electroweak sector of SM and in quantum
chromodynamics (QCD), the observables are computed in power series expansion of their
coupling constants viz., e, gEW in SM and gs in QCD. To name few, the inclusive cross
sections for deep inelastic scattering (DIS) and Higgs boson production in hadron colliders
are known to third order in QCD, see [2, 3] and [4–6] respectively and for invariant mass
distribution up to third order in QCD see [7–9], for complete list see [8, 10–28] for Higgs
production in gluon fusion and [7–9, 19–21, 25, 29–37] for Drell-Yan production.
The LHC being the hadronic machine, even electroweak induced processes do get large
quantum corrections resulting from strong interaction. QCD being the theory of strong
– 1 –
interactions provide framework to compute these corrections. The measurements and pre-
dictions from QCD have reached the level that demand the inclusion of electroweak effects
(EW). The EW corrections to hadronic observables are hard to compute at higher orders
due to the presence of heavy particles such as Ws,Zs and tops in the loops. The results of
higher order quantum effects from QCD and EW theory provide theoretical laboratory to
understand both ultraviolet (UV) and infrared (IR) structure of the underlying quantum
field theory (QFT) and also to demonstrate the universal structure. For IR, see [38, 38–41]
(see [42, 43] for a QFT with mixed gauge groups). This is due to certain factorisation
properties of scattering amplitudes in UV and IR regions. The consequence of the factori-
sation is the renormalisation group (RG) invariance which demonstrates the structure of
logarithms of the renormalisation scale µR from UV and of the factorisation scale µF from
IR to all orders in perturbation theory. The renormalisation scale separates UV divergent
part from the finite part of the Green’s function or on-shell amplitudes, quantifying the
arbitrariness in the finite part. While the parameters of the renormalised version of the
theory are functions of the renormalisation scale, the physical observables are expected to
be independent of this scale. This is the consequence of renormalisation group invariance.
The anomalous dimensions of the RG equations govern the structure of the logarithms of
renormalisation scale in the perturbation theory to all orders. Like UV sector, the infrared
sectors of both SM and QCD are also very rich. Massless gauge fields such as photons
in QED and gluons in QCD and light matter particles at high energies give infrared di-
vergences in scattering amplitudes. The former gives soft divergence and the later gives
collinear divergence. The soft and collinear divergences are shown to factorise from on-
shell amplitudes and from certain cross sections respectively in a process independent way
at an arbitrary factorisation scale. The resulting IR renormalisation group equations are
governed by IR anomalous dimensions. The IR renormalisation group equations are pe-
culiar in the sense that the resulting evolution is not only controlled by the factorisation
scale but also by the energy scale(s) in the amplitude or in the scattering process. Unlike
the UV divergences which are removed by appropriate renormalisation constants, the IR
divergences do not require any such renormalisation procedure as they add up to zero for
infrared safe observables thanks to KLN theorem [44, 45]. The structure of resulting IR
logarithms at every order in the perturbation theory is governed by the IR anomalous
dimensions. Hence, most of the logarithms present at higher orders are due to UV and
IR divergences present at the intermediate stages of the computations. The logarithms of
renormalisation and factorisation scales present in the perturbative expansions often play
important role to estimate the error that results due to the truncation of the perturbative
series. Lesser the dependence on these scales, more the reliability of the truncated results.
Note that there are also logarithms that are functions of physical scales or the correspond-
ing scaling variables in the observables. In certain kinematical regions, these logarithms
that are present at every order can be large enough to spoil the reliability of the truncated
perturbative series. Since the structure of these logarithms at every order is controlled by
anomalous dimensions of IR renormalisation group equations, they can be systematically
summed up to all orders. This procedure is called resummation. There are classic examples
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in QCD. For example, the threshold logarithms of the kind
Di(z) =
(
logi(1− z)
1− z
)
+
(1.1)
are present in the perturbative results of inclusive cross section in deep inelastic scattering
and of invariant mass distribution of pair of leptons in Drell-Yan process. Here the subscript
+ means that Di(z) is a plus distributions. For DIS, the scaling variable is z = −q2/2p.q
and z = M2l+l−/sˆ for DY. The momentum transfer from lepton to parton with momentum p
in DIS is denoted by q and the invariants sˆ and M2l+l− are center of mass energy of incoming
partons and invariant mass of final state leptons in DY. The distributions Di(z) are often
called threshold logarithms as they dominate in the threshold region namely z approaches
1. In this limit, the entire energy of the incoming particles in the scattering event goes into
producing a set of hard particles along with infinite number of soft gluons each carrying
almost zero momentum. In particular, the logarithms of the form logi(1 − z)/(1 − z)
result from the processes involving real radiations of soft gluons and collinear particles.
While these contributions are ill defined in 4 space-time dimensions in the limit z → 1,
the inclusion of pure virtual contributions gives distributions Di(z) and δ(1 − z). The
terms that constitute these distributions and δ(1 − z) are called soft plus virtual (SV)
contributions. The SV results in QCD are available for numerous observables in hadron
colliders. For SV results up to third order, see [19–21, 36, 37, 46–49] These logarithms in
the perturbative results when convoluted with appropriate parton distribution functions
to obtain hadronic cross section can not only dominate over other contributions but also
give large contributions at every order. Presence of these large corrections at every order
spoil the reliability of the predictions from the truncated series. The seminal works by
Sterman [50] and Catani and Trentedue [51] provide resolution to this problem through
reorganisation of the perturbative series called threshold resummation, for its applications
to various inclusive processes, see [52–57] for Higgs production in gluon fusion, [58, 59]
for bottom quark annihilation and for DY [37, 53, 60–62]. Since z space results involve
convolutions of these distributions, Mellin space approach using the conjugate variable
N is used for resummation. The large logarithms of the kind Di(z) become functions of
logj+1(N), j ≤ i with O(1/N) suppressed terms in the corresponding N space threshold
limit, namely N →∞. Threshold resummation allows one to resum ω = 2as(µ2R)β0 log(N)
terms to all orders in ω and then to organise the resulting perturbative result in powers of
coupling constant as(µ
2
R) = g
2
s(µ
2
R)/16pi
2, where gs is the strong coupling constant. Here,
β0 is the leading coefficient of QCD beta function. If ON is an observable in Mellin N
space, with N being the conjugate variable to z of the observable O(z) in z space, then
the resummation of threshold logarithms gives
logON = log(N)gO1 (ω) +
∞∑
i=0
ais(µ
2
R)g
O
i+2(ω) + g
O
0 (as(µ
2
R)) , (1.2)
where gO0 (as(µ2R)) is N independent and is given by
gO0 (as(µ
2
R)) =
∞∑
i=0
ais(µ
2
R)g
O
0i . (1.3)
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Inclusion of more and more terms in Eq.(1.2) predicts the leading logarithms (LL), next to
leading (NLL) etc logarithms of O to all orders in as. The functions gOi (ω) are functions
of process independent universal IR anomalous dimensions while gO0 depend on the hard
process. For inclusive reactions such as DIS, invariant mass distribution of lepton pairs
in DY, Higgs boson productions in various channels, all the ingredients to perform the
resummation of threshold logarithms in N space up to third order (next to next to next
to leading logarithmic (N3LL) accuracy) are available.
While the resummed results provide reliable predictions that can be compared against
the experimental data, it is important to find out the role of sub leading terms namely
logi(1 − z), i = 0, 1, · · ·, We call them by next to SV (NSV) contributions. In addi-
tion to understand the role of NSV terms, the question on weather these terms can also
be resummed systematically to all orders exactly like the way the leading SV terms are
resummed remains unanswered satisfactorily. There have been several advances in this
direction. In this paper, exploiting mass factorisation, renormalisation group invariance
and using Sudakov K plus G equation we make an attempt to provide an all order result
both in z space and in N space, which can predict NSV terms for DY and Higgs boson
production to all orders in perturbation theory.
2 Next to SV in z space
In the following, we study the inclusive cross-sections for the production of a pair of leptons
in DY and the production of a single scalar Higgs boson in gluon fusion as well as in bottom
quark annihilation. Let us denote the corresponding inclusive cross sections generically
by σ(q2, τ). In the QCD improved parton model, σ is written in terms of parton level
coefficient functions (CF) denoted by∆ab(q
2, µ2R, µ
2
F , z) convoluted with appropriate parton
distribution functions (PDFs), fc(xi, µ
2
F ), of incoming partons:
σ(q2, τ) = σ0(µ
2
R)
∑
ab
∫
dx1
∫
dx2fa(x1, µ
2
F )fb(x2, µ
2
F )∆ab(q
2, µ2R, µ
2
F , z) , (2.1)
where σ0 is the born level cross section. The scaling variable τ is defined by τ = q
2/S, S is
hadronic center of mass energy. For DY, q2 = M2l+l− , the invariant mass of the final state
leptons and q2 = m2H for the Higgs boson productions, with mH being the mass of the
Higgs boson. The subscripts a, b in ∆ab and c in fc collectively denote the type of parton
(quark,antiquark and gluon), their flavour etc. The scaling variable xi is the momentum
fraction of the incoming partons. In the CF, z = q2/sˆ is the partonic scaling variable and
sˆ is the partonic center of mass energy and is related to hadronic S by sˆ = x1x2S which
implies z = τ/x1x2. The scale µF is factorisation scale which results from mass factorisation
and the scale µR is the renormalisation scale which results from UV renormalisation of the
theory. Both σ0 and ∆ab depend on the renormalisation scale, however their product is
independent of the scale if we include ∆ab to all orders in perturbation theory.
The partonic cross section is computable order by order in QCD perturbation theory.
Beyond leading order, one encounters, UV, soft and collinear divergences at the interme-
diate stages of the computation. If we use dimensional regularisation to regulate all these
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divergences, the partonic cross sections depend on the space time dimension n = 4 + ε and
the divergences show up as poles in ε. The UV divergences are removed by QCD renor-
malisation constants in modified minimal subtraction (MS) scheme. The soft divergences
from the gluons and the collinear divergence resulting from final state partons cancel in-
dependently when we perform the sum over all the degenerate states. Since the hadronic
observables under study are infrared safe, these partonic cross sections are factorisable in
terms of collinear singular Altarelli-Parisi (AP) [63] kernels Γab and finite CFs at an ar-
bitrary factorisation scale µF . The factorised formula that relates the collinear finite CFs
∆ab and the parton level subprocesses is given by
1
z
σˆab(q
2, z, ε) = σ0(µ
2
R)
∑
a′b′
Γ Taa′(z, µ
2
F , ε)⊗
(
1
z
∆a′b′(q
2, µ2R, µ
2
F , z, ε)
)
⊗ Γb′b(z, µ2F , ε) .
(2.2)
These kernels are then absorbed into the bare PDFs to define collinear finite PDFs. Note
that the singular AP kernels do not depend on the type of partonic reaction but depend
only on the type of partons in addition to the scaling variable z and scale µF . The symbol
⊗ refers to convolution, which is defined for functions, fi(xi), i = 1, 2, · · ·, n, as,
(f1 ⊗ f2 ⊗ · · · ⊗ fn) (z) =
n∏
i=1
(∫
dxifi(xi)
)
δ(z − x1x2 · · · xn) . (2.3)
The partonic cross section in perturbation theory in QCD can be expressed in powers of
strong coupling constant as:
σˆab(q
2, z, ε) =
∞∑
i=0
ais(µ
2
R)σˆ
(i)
ab (q
2, µ2R, z, ε) . (2.4)
In the rest of the paper, we will restrict ourselves to ∆qq for DY, ∆bb for Higgs boson
production in bottom quark annihilation and ∆gg for Higgs boson production in gluon
fusion to investigate the structure of NSV terms. We call these CFs collectively by ∆cc with
cc = qq, bb, gg. To obtain SV and NSV terms in ∆cc using the mass factorised result given
in Eq.(2.2), it is sufficient to keep only those components of AP kernels Γabs and of σˆab that
upon convolution gives SV and/or NSV terms. In the mass factorised result, if we express
∆qq for DY in terms of σˆabs and Γabs, we either have convolutions with terms involving only
diagonal terms/channels, for example σˆqq⊗Γqq⊗Γq q or with terms containing one diagonal
and a pair of non-diagonal ones/channels, for example σˆqg⊗Γqq⊗Γgq. The former gives SV
plus NSV terms upon convolutions while the later will give only beyond the NSV terms.
The diagonal Γccs also contain convolutions with only diagonal AP splitting functions, Pcc,
or one diagonal and a pair of non-diagonal AP splitting functions Pab, a 6= b. We again
drop those terms in diagonal Γccs that contain pair of non-diagonal Pabs. This results in Γcc
containing only diagonal Pccs. Similar argument will go through for ∆bb and ∆gg as well.
This allows us to write mass factorised result given in Eq.(2.2) in terms of only diagonal
terms σˆcc, ∆cc and AP kernels Γcc and the sum over ab is dropped. In summary, since
our main focus here is on SV and NSV terms resulting from quark initiated processes for
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DY and gluon or bottom quark initiated processes for Higgs boson production, we drop
contributions from non-diagonal partonic channels in the mass factorised result of ∆cc. In
addition, gluon-gluon initiated channels which start contributing at NNLO onwards for
DY and quark antiquark initiated channels for Higgs boson production are also dropped
as they do not contribute to NSV of ∆cc.
Beyond the leading order, the partonic channels that contribute to σˆ
(i)
cc can be broadly
classified into two classes namely those containing no partonic final state/no emission and
the ones with at least one partonic final state. The former ones are called form factor
(FF) contributions and the later ones are called real emission contributions. In FFs, the
entire partonic center of mass energy goes into producing a pair of leptons in DY or Higgs
boson in Higgs boson production while in real emission processes, the initial state energy is
shared among all the final state particles. Let us denote FF of DY by Fˆq and FF of Higgs
boson productions by Fˆb, Fˆg.
Our next step is to factor out the square of the UV renormalised FF (ZUV,c Fˆc) with
c = q, q, b, g from the partonic channels σˆcc and write the resulting normalised real emission
contribution as
Sc(aˆs, µ2, q2, z, ε) =
(
σ0(µ
2
R)
)−1 (
ZUV,c(aˆs, µ
2
R, µ
2, ε)
)−1 |Fˆc(aˆs, µ2, Q2, ε)|−1
×δ(1− z)⊗ σˆSV+NSVcc (q2, µ2R, z, ε)
= C exp (2Φc(aˆs, µ2, q2, z, ε) , (2.5)
where Q2 = −q2 and ZUV,c is overall renormalisation constant that is required for gluon
initiated Higgs boson production. Note that Sc does not depend on the µ2R because they
cancel between ZUV,c and σˆcc. Hence, Sc is RG invariant. The function Sc is computable
in perturbation theory in powers of as and it gets contribution from cc initiated processes
containing at least one real radiation. The symbol “C” refers to convolution. For instance
C acting on any exponential of a function has the following expansion:
Cef(z) = δ(1− z) + 1
1!
f(z) +
1
2!
(
f ⊗ f)(z) + · · · (2.6)
Since we have restricted ourselves to SV+NSV contributions to ∆cc, that is those resulting
from the phase space region where z → 1, we keep only those terms that are proportional
to distributions δ(1− z), Di(z) and NSV terms logi(1− z) with i = 0, 1, · · · and drop the
rest of the terms resulting from the convolutions. Substituting for σˆcc¯ from Eq.(2.5) in
terms of Φc in Eq.(2.2) and keeping only diagonal terms in AP kernels, we find
∆c(q
2, µ2R, µ
2
F , z) = ∆
SV+NSV
cc (q
2, µ2R, µ
2
F , z) ,
= C exp
(
Ψ c
(
q2, µ2R, µ
2
F , z, ε
))∣∣∣∣
ε=0
, (2.7)
where Ψ c is a finite in the limit ε→ 0 and is given by
Ψ c
(
q2, µ2R, µ
2
F , z, ε
)
=
(
ln
(
ZUV,c
(
aˆs, µ
2, µ2R, ε
))2
+ ln
∣∣Fˆc(aˆs, µ2, Q2, ε)∣∣2)δ(1− z)
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+2Φc
(
aˆs, µ
2, q2, z, ε
)− 2C lnΓcc(aˆs, µ2, µ2F , z, ε) . (2.8)
It contains only the distributions and the logarithms of the form logi(1 − z), i = 0, 1, · · · .
The all order result given in Eq.(2.7) is the master formula which can be used for obtaining
SV+NSV contributions to ∆c order by order in perturbation theory and in addition, it can
predict certain SV and NSV terms to all orders in as in terms of lower order terms. In
the above formula, we keep the entire FF and overall renormalisation constant as they are
proportional to only δ(1− z). However, in the functions Sc and log(Γcc), we keep only SV
and NSV terms.
In the master formula, Eq.(2.7), the form factor for the DY process is the matrix
element of vector current ψqγµψq between on-shell quark states and for the Higgs boson
production in gluon fusion (bottom quark annihilation), it is the matrix element of GaµνG
µνa
(ψbψb) between on-shell gluon (bottom quark) states. Here ψc is the c type quark field
operator and Gµνa is the gluon field strength operator with a being the SU(Nc) gauge
group index in the adjoint representation. These FFs are known in QCD up to third order
in perturbation theory, [64–76]. The overall renormalisation constant for the vector current
is one to all orders in QCD while for the Higgs boson productions, ZUV,cs are non-zero.
For c = b, see [77] and for c = g, it is expressed in terms of QCD beta function coefficients
to all orders [78].
Perturbative results of FF in renormalisable quantum field theory demonstrate rich
structure, in particular, one finds that they satisfy certain differential equations. The
simplest one is the RG equation that FFs satisfy, namely µ2R
dFˆc
dµ2R
= 0, using which we
can predict the logarithms resulting from the UV sector, i.e., the logarithms of the form
logk(µ2R), k = 1, · · · at every order in perturbation theory. In addition, these FFs satisfy
Sudakov differential equation [46, 79–85] which is used to study their IR structure in terms
of certain IR anomalous dimensions such as cusp Ac,collinear Bc and soft f c anomalous
dimensions. In dimensional regularisation, the equation takes the following form:
Q2
d
dQ2
ln Fˆc
(
aˆs, Q
2, µ2, ε
)
=
1
2
[
Kc
(
aˆs,
µ2R
µ2
, ε
)
+Gc
(
aˆs,
Q2
µ2R
,
µ2R
µ2
, ε
)]
, (2.9)
where Q2 = −q2. The above equation is called K+G equation. The unrenormalised FFs
contain both UV and IR divergences. The later result from soft gluons and massless partons
which give soft and collinear divergences respectively. UV divergences go away after UV
renormalisation. The IR divergences of the FFs can be shown to factorise. The divergence
of FFs are such that the factorised IR divergent part is q2 dependent. The consequence of
these facts is that the right hand side of the differential equation can expressed in terms of
two functions Kc and Gc in such a way that Kc accounts for all the poles in ε whereas Gc
is finite term in the limit ε→ 0. The RG invariance of FFs implies, in the limit ε→ 0,
µ2R
d
dµ2R
Kc
(
aˆs,
µ2R
µ2
, ε
)
= −µ2R
d
dµ2R
Gc
(
aˆs,
Q2
µ2R
,
µ2R
µ2
, ε
)
= −Ac(as(µ2R)). (2.10)
The solutions to Eq.(2.10) are given in [20, 46]. Substituting these solutions in Eq.(2.9) one
can find the structure of FF in terms of IR anomalous dimensions Ac (cusp), Bc (collinear)
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and f c (soft) as well as the process dependent quantities (gc,kj ). A more elaborate discussion
on the structure of FF can be found in [46]. The IR anomalous dimensions are known to
three loops in QCD, see [28, 66, 67, 72, 86–89] and for beyond three loops, see [75].
The fact that the initial state collinear divergences in parton level cross sections fac-
torises in terms of AP kernels Γab(z, µ
2
F , ε) implies RG evolution equation with respect to
the scale µF :
µ2F
d
dµ2F
Γab
(
z, µ2F , ε
)
=
1
2
∑
a′=q,q,g
Paa′
(
z, as(µ
2
F )
)⊗ Γa′b(z, µ2F , ε) , a, b = q, q, g . (2.11)
Since we are interested only in diagonal Altarelli-Parisi kernels for our analysis, the corre-
sponding AP splitting functions Pcc
(
z, µ2F
)
are expanded around z = 1 and all those terms
that do not contribute to SV+NSV are dropped. The AP splitting functions near z = 1
take the following form:
Pcc
(
z, as(µ
2
F )
)
= 2
[
Bc(as(µ
2
F ))δ(1− z) +Ac(as(µ2F ))D0(z)
+Cc(as(µ
2
F )) log(1− z) +Dc(as(µ2F ))
]
+O((1− z)) . (2.12)
In the rest of the paper, we drop the terms in Pcc proportional to O((1− z)) for our study.
The constants Cc and Dc can be obtained from the the splitting functions Pcc which are
known to three loops in QCD [88, 89] (see [3, 88–96] for the lower order ones). Similar
to the cusp and the collinear anomalous dimensions, the constants Cc and Dc are also
expanded in powers of as(µ
2
F ) as:
Cc(as(µ
2
F )) =
∞∑
i=1
ais(µ
2
F )C
c
i , D
c(as(µ
2
F )) =
∞∑
i=1
ais(µ
2
F )D
c
i , (2.13)
where Cci and D
c
i to third order are available in [88, 89]. Our next task is to study the
function Sc defined Eq.(2.5). The Eq.(2.5) can be used to compute this function order
by order in QCD perturbation theory. It should contain right IR divergences to cancel
those resulting from FF and AP kernels to give IR finite ∆c. The IR structure of Sc in
the SV limit was studied in [20, 46] using a differential equation analogous to Eq.(2.9)
supplemented with RG invariance. It was found that the function Scs demonstrate rich
infrared structure in the SV approximation. It provides framework to obtain SV contribu-
tion order by order in perturbation theory. Since, the function Sc obtained in [20, 46] is an
all order result in z space which allows one to write the integral representation suitable for
studying resummation in Mellin N space. In the following, we proceed along this direction
to study NSV contributions in z space to all orders in perturbation theory and to provide
an integral representation that can be used for performing Mellin N space resummation.
Using Eqs.(2.7,2.8) and the K+G equation of FFs, Eq.(2.9) it is straightforward to show
that the functions Sc equivalently, Φc satisfy K+G type of differential equation:
q2
d
dq2
Φc =
1
2
[
K
c
(
aˆs,
µ2R
µ2
, ε, z
)
+G
c
(
aˆs,
q2
µ2R
,
µ2R
µ2
, ε, z
)]
, (2.14)
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where the right hand side of the above equation is written as a sum of K
c
which accounts
for all the divergent terms and G
c
which is a finite function of (z, ε). In addition, Φcs
satisfy renormalisation group invariance namely µ2R
dΦc
dµ2R
= 0 which implies
µ2R
d
dµ2R
K
c
(as(µ
2
R), z) = −µ2R
d
dµ2R
G
c
(as(µ
2
R), z) = −Ac(as(µ2R))δ(1− z) , (2.15)
where A
c
is analogous of cusp anomalous dimension that appears in K+G equation of FFs.
Integrating Eq.(2.14) after substituting the solutions of RGs for K
c
and G
c
, the solution
Φc takes the most general form
Φc(aˆs, q
2, µ2, z,ε) =
∞∑
i=1
aˆis
(q2(1− z)2
µ2z
)i ε
2
Siε
( iε
1− z
)
φˆ(i)c (z, ε). (2.16)
The form of the solution given in Eq.(2.16) is inspired by the result for the production
of a pair of leptons in quark antiquark channel or Higgs boson in gluon fusion at next to
leading order in as. The term
(
q2(1−z)2
µ2z
) ε
2
in the parenthesis results from two body phase
space while φˆc(z, ε)/(1−z) comes from the square of the matrix elements for corresponding
amplitudes. In general, the term q2(1 − z)2/z inside the parenthesis is the hard scale in
the problem and it controls the evolution of Φc at every order. The function φˆ
(i)
c (z, ε) is
regular as z → 0 but contains poles in ε. We have factored out 1/(1− z) explicitly so that
it generates all the distributions Dj and δ(1 − z) and NSV terms logk(1 − z), k = 0, · · ·
when combined with the factor ((1− z)2)iε/2 and φˆ(i)c (z, ε) at each order in aˆs. Note that
the term z−iε/2 inside the parenthesis does not give distributions Dj and δ(1− z), however
they can contribute to NSV terms logj(1− z), j = 0, 1, · · · when we expand around z = 1.
In addition the terms proportional to (1− z) in φˆc near z = 1 also give NSV terms for Φc.
Although the form of solution for Φc is good enough to study NSV terms, we rewrite this
in a convenient form which separates SV terms from the NSV in Φc. Hence, we decompose
Φc as Φc = ΦcA + Φ
c
B in such a way that Φ
c
A contains only SV terms and the remaining Φ
c
B
contains next to soft-virtual terms in the limit z → 1. The distribution ΦcA satisfies K+G
equation given in Eq.(35) of [46] also see [20] for details. An all order solution for ΦcA in
powers of aˆs in dimensional regularisation is given in [46]. It is given by
ΦcA(aˆs, q
2, µ2,ε, z) =
∞∑
i=1
aˆis
(q2(1− z)2
µ2
)i ε
2
Siε
( iε
1− z
)
φˆ
c(i)
SV (ε) , (2.17)
where,
φˆ
c(i)
SV (ε) =
1
iε
[
K
c(i)
(ε) +G
c(i)
SV (ε)
]
. (2.18)
The constants K
c(i)
(ε) and G
c(i)
SV (ε) are given in Eq.(35) and Eq.(37) of [20] respectively
and they are known to third order in perturbation theory [20, 21, 25, 36, 46]. The integral
representation for ΦcA is given in Eq.(44) of [20] and is reproduced here for completeness:
ΦcA(aˆs, µ
2, q2, z, ε
)
=
(
1
1− z
{∫ q2(1−z)2
µ2F
dλ2
λ2
Ac(as(λ
2)) +G
c
SV
(
as(q
2(1− z)2), )})
+
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+δ(1− z)
∞∑
i=1
aˆis
(
q2
µ2
)i 
2
Siεφˆ
c(i)
SV ()
+
1
(1− z)+
∞∑
i=1
aˆis
(
µ2F
µ2
)i 
2
SiεK
c(i)
(). (2.19)
Here G
c
SV
(
as(q
2(1− z)2), ) are related to the threshold exponent DI(as(q2(1− z)2), ) via
Eq.(46) of [20].
Let us now study in detail the structure of ΦcB using the Eq.(2.14). Subtracting out
the K+G equation for the SV part ΦcA from Eq.(2.14), we find that Φ
c
B satisfies
q2
d
dq2
ΦcB(q
2, z, ε) =
1
2
[
GcL
(
aˆs,
q2
µ2R
,
µ2R
µ2
, ε, z
)]
, (2.20)
where GcL = G
c −GcSV ,
GcL
(
aˆs,
q2
µ2R
,
µ2R
µ2
, z, ε
)
=
∞∑
i=1
ais
(
q2(1− z)2)GcL,i(z, ε). (2.21)
Now integrating Eq.(2.20) we obtain the following structure for ΦcB:
ΦcB(aˆs, µ
2, q2, z, ε) =
∞∑
i=1
aˆis
(
q2(1− z)2
µ2
)i ε
2
Siεϕ
(i)
c (z, ε) . (2.22)
The coefficients ϕ
(i)
c (z, ε) in Eq.(2.22) can be expressed as a sum of singular and finite part
in ε given by,
ϕ(i)c (z, ε) = ϕ
(i)
s,c(z, ε) + ϕ
(i)
f,c(z, ε) , (2.23)
where the singular coefficients ϕ
(i)
s,c has an analogous structure to Eq.(35) of [20] with the
following substitution,
ϕ(i)s,c(z, ε) = K
c(i)
(ε)
∣∣∣∣
Ac→Lc(z)
, (2.24)
where Lc(as(µ
2
R), z) can be expanded in powers of as(µ
2
R) as
Lc
(
as(µ
2
R), z
)
=
∞∑
i=1
ais(µ
2
R)L
c
i (z) . (2.25)
The coefficients ϕ
(i)
f,c(z, ε) are finite in the limit ε → 0 and can be written in terms of the
finite coefficients GcL,i(z, ε) as,
ϕ
(1)
f,c(z, ε) =
1
ε
GcL,1(z, ε) ,
ϕ
(2)
f,c(z, ε) =
1
ε2
(−β0GcL,1(z, ε)) +
1
2ε
GcL,2(z, ε) ,
ϕ
(3)
f,c(z, ε) =
1
ε3
(
4
3
β20GcL,1(z, ε)
)
+
1
ε2
(
− 1
3
β1GcL,1(z, ε)−
4
3
β0GcL,2(z, ε)
)
+
1
3ε
GcL,3(z, ε) ,
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ϕ
(4)
f,c(z, ε) =
1
ε4
(−2β30GcL,1(z, ε)) +
1
ε3
(
4
3
β0β1GcL,1(z, ε) + 3β20GcL,2(z, ε)
)
+
1
ε2
(
− 1
6
β2GcL,1(z, ε)−
1
2
β1GcL,2(z, ε)−
3
2
β0GcL,3(z, ε)
)
+
1
4ε
GcL,4(z, ε) , (2.26)
with
GcL,1(z, ε) =
∞∑
j=1
εjGc,(j)L,1 (z) ,
GcL,2(z, ε) = −2β0Gc,(1)L,1 (z) +
∞∑
j=1
εjGc,(j)L,2 (z) ,
GcL,3(z, ε) = −2β1Gc,(1)L,1 (z)− 2β0
(
Gc,(1)L,2 (z) + 2β0Gc,(2)L,1 (z)
)
+
∞∑
j=1
εjGc,(j)L,3 (z) ,
GcL,4(z, ε) = −2
(
β2Gc,(1)L,1 (z) + 4β0β1Gc,(2)L,1 (z) + 4β30Gc,(3)L,1 (z) + β1Gc,(1)L,2 (z) ,
+ 2β20Gc,(2)L,2 (z) + β0Gc,(1)L,3 (z)
)
+
∞∑
j=1
εjGc,(j)L,4 (z) . (2.27)
The coefficients Gc,(j)L,i (z) in the above equations are parametrised in terms of logk(1−z), k =
0, 1, · · · and all the terms that vanish as z → 1 are dropped
Gc,(j)L,i (z) =
i+j−1∑
k=0
Gc,(j,k)L,i logk(1− z) . (2.28)
The highest power of the log(1−z) at every order depends on the order of the perturbation,
namely the power of as and also the power of ε at each order in as. Hence the summation
runs from 0 to i+ j − 1. The function ϕs,c can be simplified further by separating out the
divergent part at the factorisation scale µF . With ϕf,c, the final result for the Φ
c
B takes
the following form:
ΦcB(aˆs, µ
2, q2, z, ε
)
=
∫ q2(1−z)2
µ2F
dλ2
λ2
Lc(as(λ
2), z) + ϕf,c
(
as(q
2(1− z)2), z, ε)|ε=0
+ϕs,c
(
as(µ
2
F ), z, ε
)
, (2.29)
where,
ϕa,c
(
as(λ
2), z
)
=
∞∑
i=1
aˆis
(
λ2
µ2
)i ε
2
Siεϕ
(i)
a,c
(
z, ε
)
. a = f, s (2.30)
Note that the first line of Eq.(2.29) is finite when ε → 0 whereas second line is divergent.
The fact that ΦcB is RG invariant implies that ϕs,c satisfies the renormalisation group
equation:
µ2F
d
dµ2F
ϕs,c(as(µ
2
F ), z) = L
c(as(µ
2
F ), z). (2.31)
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While the structure of ΦcB is known, the expansion coefficients of ϕ
(i)
c in terms of Lci and
Gc,(j,k)L,i need to be determined. To determine, we first substitute ΦcB given in Eq.(2.22)
expressed in terms of ϕs,c, ϕf,c in Eq.(2.8). The fact that Ψ
c in Eq.(2.8) is finite at every
order in as in the limit ε → 0 allows us to determine the coefficients Lci of divergent ϕs,c
in terms of Cci and D
c
i . We find
Lci = C
c
i log(1− z) +Dci , (2.32)
which is nothing but the NSV part of AP splitting function at every order in perturbation
theory.
Having fixed the divergent part of ΦcB completely, we move on to extracting rest of
the unknowns in ΦcB namely Gc,(j,k)L,i (z). At every order ais, the coefficients Gc,(j,k)L,i for
various values of k, j can be determine from ∆c, Fˆc, ZUV,c, Φ
c
A, and Γcc known to order
ais expanded in double series expansion of ε
j logk(1 − z). In order to do this we use the
available informations up to two loop level to obtain Gc,(j,k)L,i for i = 1, 2 for all the allowed
values of k, j. For DY, we find
Gq,(1,0)L,1 = 4CF ,
Gq,(2,0)L,1 = 3CF ζ2,
Gq,(3,0)L,1 = −CF
(
3
2
ζ2 +
7
3
ζ3
)
,
Gq,(1,0)L,2 = CACF
(
2804
27
− 290
3
ζ2 − 56ζ3
)
+ CFnf
(
− 656
27
+
44
3
ζ2
)
−64C2F ζ2,
Gq,(1,1)L,2 = 20CF (CA − CF ),
Gq,(1,2)L,2 = −8C2F . (2.33)
and for Higgs boson production:
Gg,(1,0)L,1 = 4CA ,
Gg,(2,0)L,1 = 3CAζ2,
Gg,(3,0)L,1 = −CA
(
3
2
ζ2 +
7
3
ζ3
)
,
Gg,(1,0)L,2 = C2A
(
2612
27
− 482
3
ζ2 − 56ζ3
)
+ CAnf
(
− 392
27
+
44
3
ζ2
)
,
Gg,(1,1)L,2 =
4
3
CA(CA − nf ),
Gg,(1,2)L,2 = −8C2A. (2.34)
and the remaining coefficients up to second order are identically zero. Here, the constants
CA = Nc and CF = (N
2
c − 1)/2Nc are Casimirs of SU(Nc) gauge group and nf is number
of active flavours. Unlike the coefficients Gc,(j)i that appear in ΦcA (see [20, 46]), the quark
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and gluon coefficients Gc,(j,k)L,i do not satisfy maximal non-abelian relation beyond one loop.
Recall (see [20, 46]) that Gc,(j)i satisfy Gq,(j)i = (CF /CA)Gg,(j)i , confirmed up to third order
in as as shown in [46]. Third order contributions to ∆c for DY became available very
recently in [9] and for the Higgs boson productions in gluon fusion as well as in bottom
quark annihilation the third order results were presented in [4–6]. The analytical results
for FFs, over all renormalisation constants, the functions ΦcA and Γcc are all available up to
third order in the literature. Using these results, we can in principle extract the relevant
coefficients Gq,(j,k)L,i to third order. In the absence of analytical results for second order
corrections to ∆q for positive powers of ε, we can not determine the coefficients Gq,(j,k)L,i
at the third order. However, the combination of these coefficients namely ϕf,c can be
extracted
(
see the Appendix[7]) for c = q (DY) and c = b (bbH) and c = g (ggH)
)
up to
third order using the available results to third order. Expanding ϕf,c in powers of as,
ϕf,c(as(q
2(1− z)2), z) =
∞∑
i=1
ais(q
2(1− z)2)
i∑
k=0
ϕ
(k)
c,i log
k(1− z) , (2.35)
we find for the DY,
ϕ
(0)
q,1 = 4CF ,
ϕ
(1)
q,1 = 0 ,
ϕ
(0)
q,2 = CFCA
(
1402
27
− 28ζ3 − 112
3
ζ2
)
+ C2F (−32ζ2) + nfCF
(
− 328
27
+
16
3
ζ2
)
,
ϕ
(1)
q,2 = 10CFCA − 10C2F ,
ϕ
(2)
q,2 = −4C2F ,
ϕ
(0)
q,3 = CFC
2
A
(
727211
729
+ 192ζ5 − 29876
27
ζ3 − 82868
81
ζ2 +
176
3
ζ2ζ3 + 120ζ
2
2
)
+C2FCA
(
− 5143
27
− 2180
9
ζ3 − 11584
27
ζ2 +
2272
15
ζ22
)
+ C3F
(
23 + 48ζ3
−32
3
ζ2 − 448
15
ζ22
)
+ nfCFCA
(
− 155902
729
+
1292
9
ζ3 +
26312
81
ζ2 − 368
15
ζ22
)
+nfC
2
F
(
− 1309
9
+
496
3
ζ3 +
2536
27
ζ2 +
32
5
ζ22
)
+ n2fCF
(
12656
729
−160
27
ζ3 − 704
27
ζ2
)
,
ϕ
(1)
q,3 = CFC
2
A
(
244
9
+ 24ζ3 − 8
9
ζ2
)
+ C2FCA
(
− 18436
81
+
544
3
ζ3 +
964
9
ζ2
)
+C3F
(
− 64
3
− 64ζ3 + 80
3
ζ2
)
+ nfCFCA
(
− 256
9
− 28
9
ζ2
)
+nfC
2
F
(
3952
81
− 160
9
ζ2
)
,
ϕ
(2)
q,3 = CFC
2
A
(
34− 10
3
ζ2
)
+ C2FCA
(
− 96 + 52
3
ζ2
)
+ C3F
(
16
3
)
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+nfCFCA
(
− 10
3
)
+ nfC
2
F
(
40
3
)
,
ϕ
(3)
q,3 = C
2
FCA
(
− 176
27
)
+ nfC
2
F
(
32
27
)
, (2.36)
and for the Higgs boson production
ϕ
(0)
g,1 = 4CA ,
ϕ
(1)
g,1 = 0 ,
ϕ
(0)
g,2 = C
2
A
(
1306
27
− 28ζ3 − 208
3
ζ2
)
+ nfCA
(
− 196
27
+
16
3
ζ2
)
,
ϕ
(1)
g,2 = C
2
A
(
2
3
)
+ nfCA
(
− 2
3
)
,
ϕ
(2)
g,2 = −4C2A ,
ϕ
(0)
g,3 = C
3
A
(
563231
729
+ 192ζ5 − 34292
27
ζ3 − 113600
81
ζ2 +
176
3
ζ2ζ3 +
3488
15
ζ22
)
+nfC
2
A
(
− 117778
729
+
1888
9
ζ3 +
26780
81
ζ2 − 232
15
ζ22
)
+nfCFCA
(
− 2653
27
+
616
9
ζ3 +
40
3
ζ2 +
32
5
ζ22
)
+ n2fCA
(
1568
729
− 160
27
ζ3 − 152
9
ζ2
)
,
ϕ
(1)
g,3 = C
3
A
(
− 18988
81
+
448
3
ζ3 +
1280
9
ζ2
)
+ nfC
2
A
(
1528
81
− 8ζ3 − 248
9
ζ2
)
+nfCFCA
(
4− 8
3
ζ2
)
+ n2fCA
(
56
27
)
,
ϕ
(2)
g,3 = C
3
A
(
− 1432
27
+
40
3
ζ2
)
+ nfC
2
A
(
164
27
+
2
3
ζ2
)
+ n2fCA
(
8
27
)
,
ϕ
(3)
g,3 = C
3
A
(
− 176
27
)
+ nfC
2
A
(
32
27
)
. (2.37)
While the NSV function ΦcB for quarks and gluon are not related, they are found to
be universal up to second order in the sense that they do not depend on the hard process.
For example, to second order in as, Φ
q
B of DY is found to be identical to that of Higgs
boson production in bottom quark annihilation [97]. In addition, we find that they agree
with that of Graviton (G) production in quark annihilation processes [98–103]. In terms
of ϕ
(k)
q,i it translates to
ϕ
(k)
q,i
∣∣∣
q+q→l+l−+X
= ϕ
(k)
q,i
∣∣∣
b+b→H+X
= ϕ
(k)
q,i
∣∣∣
q+q→G+X
i = 1, 2, k = 0, i (2.38)
Similarly, to second order in as, Φ
g
B from Higgs boson production in gluon fusion is found
to be identical to that of graviton production in gluon fusion channel and pseudo scalar
Higgs boson production [18, 104–108] in gluon fusion. That is,
ϕ
(k)
g,i
∣∣∣
g+g→H+X
= ϕ
(k)
g,i
∣∣∣
g+g→A+X
= ϕ
(k)
g,i
∣∣∣
g+g→G+X
i = 1, 2, k = 0, i (2.39)
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However, the universality breaks at third order, namely, we find that the ϕ
(k)
b,3 for k = 0, 1
differs from that of DY production while for k = 2, 3 they agree.
ϕ
(0)
b,3 = ϕ
(0)
q,3 − 16CACF
(
CA − 2CF
)
,
ϕ
(1)
b,3 = ϕ
(1)
q,3 + 8CACF
(
CA − 2CF
)
,
ϕ
(k)
b,3 = ϕ
(k)
q,3 k = 2, 3.
(2.40)
The origin of this violation for k = 0, 1 at third order need to be understood within the
framework of factorisation.
In the following, we discuss the predictive power of the master formula Eq.(2.7). In
other words, given ZUV,c,Fˆc, Φ
c and the Γcc up to a certain order in perturbation theory,
we show that the master formula can predict certain SV and NSV terms to all orders in
perturbation theory. The partonic coefficient function ∆c can be expanded order by order
in perturbation theory in powers of as(µ
2
R) as
∆c(q
2, µ2R, µ
2
F , z) =
∞∑
i=0
ais(µ
2
R)∆
(i)
c (q
2, µ2R, µ
2
F , z). (2.41)
where the coefficient ∆
(i)
c can be obtained by first expanding the exponential given in
Eq.(2.8) in powers of as(µ
2
R) and then performing all resulting convolutions in z space. Note
that ∆
(0)
c = δ(1−z). We have dropped all those terms that are of order O((1−z)α), α > 0.
This will result in tower of SV terms, such as the distributions Di, i = 0, 1, · · · and δ(1− z)
and of next to SV terms namely the logarithms logi(1 − z), i = 0, 1, · · · at each order in
perturbation theory. We observe that if we know Ψc to order as, the master formula can
predict all the leading distributions Di and leading NSV terms logi(1− z) to all orders in
as.
GIVEN PREDICTIONS
Ψ
(1)
c Ψ
(2)
c Ψ
(3)
c Ψ
(n)
c ∆
(2)
c ∆
(3)
c ∆
(i)
c
D0,D1, δ D3,D2 D5,D4 D(2i−1),D(2i−2)
L1z, L
0
z L
3
z L
5
z L
(2i−1)
z
D0,D1, δ D3,D2 D(2i−3),D(2i−4)
L2z, L
1
z, L
0
z L
4
z L
(2i−2)
z
D0,D1, δ D(2i−5),D(2i−6)
L3z, · · · , L0z L(2i−2)z
D0,D1, δ D(2i−(2n−1)),D(2i−2n)
Lnz , · · · , L0z L(2i−n)z
Table 1: : Towers of Distributions (Di) and NSV logarithms (logi(1−z)) that can be pre-
dicted for ∆c using Eq.(2.7). Here Ψ
(i)
c and ∆
(i)
c denotes Ψc and ∆c at order a
i
s respectively.
Also the symbol Liz denotes log
i(1− z).
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Expanding the master formula in powers of strong coupling constant, we obtain the
leading SV terms (D3,D2), (D5,D4), · · · , (D2i−1,D2i−2) and the leading NSV terms log3(1−
z), log5(1 − z), · · · , log2i−1(1 − z) at a2s, a3s, · · · , ais respectively for all i, given Ψ c at order
as. Since C
c
1 is identically zero, log
2i(1− z) terms do not contribute for all i. The NNLO
results for DY and Higgs boson productions confirm this. Similarly from Ψ c to order
a2s, we can predict the tower consisting of (D3,D2), (D5,D4), · · · , (D2i−3,D2i−4) and of
log4(1− z), log6(1− z), · · · , log2i−2(1− z) at a3s, a4s, · · · , ais respectively for all i. For Higgs
productions both in gluon and bottom quark initiated processes at a3s, our predictions for
logi(1− z), i = 5, 4 agree with the those obtained by explicit computation [6, 109] and for
DY, we agree with those obtained using physical kernel approach in [3, 23, 28, 110] as well
as from explicit computation [9].
For the Higgs boson productions and for DY, thanks to third order results obtained in
[6, 9, 109], we can now determine ϕf,c, c = q, b, g completely to third order which allows us to
predict a tower of (D3,D2), (D5,D4) · · · , (D2i−5,D2i−6) and of log5(1−z), log7 · · · , log2i−3(1−
z) at a4s, a
5
s, · · · , ais respectively for all i. Our predictions for log7(1 − z), log6(1 − z) and
log5(1− z) terms at fourth order for ∆g agree with that of [23, 28]. From the third order
results on DY and on Higgs productions in bottom quark annihilation, we predict three
NSV terms logi(1− z) for i = 7, 6, 5 at fourth order for ∆q and ∆b. We present our fourth
order predictions for DY and Higgs productions:
∆(4)q =
(
− 4096
3
C4F
)
log7(1− x) +
(
39424
9
C3FCA +
19712
3
C4F −
7168
9
nfC
3
F
)
× log6(1− x) +
(
− 123904
27
C2FC
2
A −
805376
27
C3FCA + 9088C
4
F +
45056
27
nfC
2
FCA
+
139520
27
nfC
3
F −
4096
27
n2fC
2
F + 3072ζ2C
3
FCA + 20480ζ2C
4
F
)
log5(1− x) , (2.42)
∆
(4)
b =
(
− 4096
3
C4F
)
log7(1− x) +
(
39424
9
C3FCA +
19712
3
C4F −
7168
9
nfC
3
F
)
× log6(1− x) +
(
− 123904
27
C2FC
2
A −
805376
27
C3FCA + 2944C
4
F +
45056
27
nfC
2
FCA
+
139520
27
nfC
3
F −
4096
27
n2fC
2
F + 3072ζ2C
3
FCA + 20480ζ2C
4
F
)
log5(1− x) , (2.43)
∆(4)g =
(
− 4096
3
C4A
)
log7(1− x) +
(
98560
9
C4A −
7168
9
nfC
3
A
)
log6(1− x)
+
(
− 298240
9
C4A +
174208
27
nfC
3
A −
4096
27
n2fC
2
A + 23552ζ2C
4
A
)
log5(1− x). (2.44)
Generalising this, if we know Ψ c up to nth order, we can predict (D2i−2n+1,D2i−2n) and
log2i−n(1−z) at every order in ais for all i. Table[1] is devoted to summarise the predictions
of the master formula. We also present the explicit structure of ∆c till four loop in Ap-
pendix[9] as well as in the ancillary files with the arXiv submission. The predictive power
of the master formula to all orders in as in terms of distributions and log(1− z) terms in
∆c is due to all order structure of the exponent Ψ
c and this can be further exploited to
resum them. This is our next task.
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3 Resummation of next to SV in N space
To study all order behavior of ∆c in Mellin space, it is convenient to use the integral repre-
sentations of both ΦcA and Φ
c
B given in Eq.(2.19) and Eq.(2.29) respectively. Substituting
the solutions for Fˆc and renormalisation constant ZUV,c and the logΓcc along with the
integral representations for ΦcA and Φ
c
B in Eq.(2.7), we find
∆c(q
2, µ2R, µ
2
F , z) = C
c
0(q
2, µ2R, µ
2
F ) C exp
(
2Ψ cD(q
2, µ2F , z)
)
, (3.1)
where
Ψ cD(q
2, µ2F , z) =
1
2
∫ q2(1−z)2
µ2F
dλ2
λ2
Pcc(as(λ
2), z) +Qc(as(q2(1− z)2), z) , (3.2)
with
Qc(as(q2(1− z)2), z) =
(
1
1− zG
c
SV (as(q
2(1− z)2))
)
+
+ ϕf,c(as(q
2(1− z)2), z). (3.3)
The coefficient Cc0 is z independent coefficient and is expanded in powers of as(µ
2
R) as
Cc0(q
2, µ2R, µ
2
F ) =
∞∑
i=0
ais(µ
2
R)C
c
0i(q
2, µ2R, µ
2
F ) , (3.4)
where the coefficients Cc0i are presented in the ancillary files along with the arXiv sub-
mission. Also one can find Cc0 for DY and Higgs production in [37]. Eq.(3.1) is our z
space resummed result for ∆c in integral representation which can be used to predict SV
and NSV terms to all orders in perturbation theory in terms of universal anomalous di-
mensions, Ac, Bc, Cc, Dc, f c, SV coefficients Gc,(j)i , NSV coefficients Gc,(j,k)L,i and process
dependent Cc0i. We have few comments in order. The next to SV corrections to various
inclusive processes were studied in a series of papers [111–117] and lot of progress have
been made which lead to better understanding of the underlying physics. Our result has
close resemblance with the one which was conjectured in [111] and indeed there are few
terms which are common in both the results. Our result, Eq.(3.2) differs from Eq.(31) in
[111], in the upper limit of the integral, the presence of extra term ϕf,c and the dependence
on the variable z. These differences do not alter the SV predictions but will give NSV
terms different from those obtained using Eq.(31) of [111].
The Mellin moment of ∆c is now straight forward to compute using the integral rep-
resentation given in Eq.(3.2). Note that the Eq.(3.2) is suitable for obtaining only SV and
NSV terms while the predictions using this formula beyond NSV terms such as those pro-
portional to O((1− z)n logj(1− z));n, j ≥ 0 in z space and terms of O(1/N2) in N space
will not be correct! Hence, we compute the Mellin moment of Eq.(3.1) in the appropriate
limit of N such that the resulting expression in N space correctly predicts all the SV and
NSV terms. The limit z → 1 translates to N →∞ and if one is interested to include NSV
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terms, we need to keep O(1/N) corrections in the large N limit. The Mellin moment of
∆c is given by
∆c,N (q
2, µ2R, µ
2
F ) = C0(q
2, µ2R, µ
2
F ) exp
(
Ψ cN (q
2, µ2F )
)
, (3.5)
where
Ψ cN (q
2, µ2F ) = 2
∫ 1
0
dzzN−1Ψ cD(q
2, µ2F , z). (3.6)
The computation of Mellin moment in the large N limit which retains SV and NSV terms
involves two major steps: 1. following [111] and we replace
∫
dz(zN−1 − 1)/(1 − z) and∫
dzzN−1 by a theta function θ(1 − z − 1/N) and apply the operators ΓA(N ddN ) and
ΓB(N
d
dN ) on the integrals respectively; 2. we perform the integrals over λ
2 after express-
ing as(λ
2) in terms of as(µ
2
R) obtained using resummed solution to RG equation of as
Eq.(6.5). Step 1 makes sure that we retain only logj(N) and (1/N) logj(N) terms and step
2 guarantees the resummation of 2β0as(µ
2
R) log(N) terms to all orders and also the organ-
isation of the result in powers of as(µ
2
R) . The details of the computation are described in
the Appendix[6] . The Mellin moment of the exponent takes the following form:
Ψ cN = Ψ
c
sv,N + Ψ
c
nsv,N (3.7)
where we have split Ψ cN in such a way that all those terms that are functions of log
j(N), j =
0, 1, · · · are kept in Ψ csv,N and the remaining terms that are proportional to (1/N) logj(N), j =
0, 1, · · · are contained in Ψ cnsv,N. Hence,
Ψ csv,N = log(g
c
0(as(µ
2
R))) + g
c
1(ω) log(N) +
∞∑
i=0
ais(µ
2
R)g
c
i+2(ω) , (3.8)
where gci (ω) are identical to those in [51, 53, 59] obtained from the resummed formula for
SV terms and gc0(as) is expanded in powers of as as (see [53])
log(gc0(as(µ
2
R))) =
∞∑
i=1
ais(µ
2
R)g
c
0,i . (3.9)
We also provide gc0(as(µ
2
R)) in the ancillary files along with the arXiv submission. Here
the function Ψ cnsv,N is given by
Ψ cnsv,N =
1
N
(
g¯c1(ω) log(N) +
∞∑
i=0
ais(µ
2
R)g¯
c
i+2(ω) +
∞∑
i=0
ais(µ
2
R)h
c
i (ω,N)
)
, (3.10)
with
hc0(ω,N) = h
c
00(ω) + h
c
01(ω) log(N), h
c
i (ω,N) =
i∑
k=0
hcik(ω) log
k(N). (3.11)
where g¯ci (ω) and h
c
ij(ω) are presented in the Appendix[11] and Appendix[10] respectively.
We also provide these coefficients till four loop in the ancillary files with the arXiv sub-
mission. Few comments on Ψ cnsv,N are in order: note that it is proportional to 1/N at every
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order as expected. Here g¯c1 is identically zero and the second sum containing g¯
c
i , i = 2, 3, · · ·
results entirely from Ac, Bc coefficients of Pcc and from the function G¯
c
SV of Eq.(3.3). We
find that none of the coefficients g¯ci (ω) contains explicit log(N). The third sum comes
from Cc, Dc coefficients of Pcc and from ϕf,c and each term in this expansion contains
explicit logj(N), j = 0, · · · , i. We find that coefficient of hc01 is proportional to Cc1 which is
identically zero. Hence, at order a0s, there is no (1/N) log(N) term.
Summarising, we find that in Mellin N space one obtains compact expression for the
exponent in terms of quantities that are functions of ω = 2as(µ
2
R)β0 log(N) as we use
resummed as to perform the integral. In addition, the resummed as allows us to organise
the N space perturbative expansion in such a way that ω is treated as order one at every
order in as(µ
2
R). Both integral representation in z-space and Mellin moment of the integral
in N space contain exactly same information and hence predict SV and NSV logarithms to
all orders in perturbation theory. The all order structure is more transparent in N space
compared to z space result and it is technically easy to use resummed result in N space
for any phenomenological studies.
GIVEN PREDICTIONS
gc0,0, g
c
1, g
c
2 g
c
0,1, g
c
3 g
c
0,2, g
c
4 g
c
0,n−1, g
c
n+1 ∆
(2)
c,N ∆
(3)
c,N ∆
(i)
c,N
g¯c2, h
c
0, h
c
1 g¯
c
3, h
c
2 g¯
c
4, h
c
3 g¯
c
n+1, h
c
n
1
N log(N)
1
N log
3(N) 1N log
5(N) 1N log
(2i−1)(N)
1
N log
2(N) 1N log
4(N) 1N log
(2i−2)(N)
1
N log
3(N) 1N log
(2i−3)(N)
1
N log
n(N) 1N log
(2i−n)(N)
Table 2: The all order predictions for 1/N coefficients of ∆c,N for a given set of resum-
mation coefficients (gci (ω), g¯
c
i (ω) and h
c
ij(ω)) at a given order.
Let us first consider Ψ csv,N given in Eq.(3.8). If we keep only g0,0 and g1 terms in
Eq.(3.8) and expand the exponent in powers of as = as(µ
2
R), we can can predict leading
ais log
2i(N) terms for all i > 1. This happens because of the all order structure of ΦcA in
z space. For example if we know ΦcA to order as, we can predict rest of the other terms
of the form aisD2i−1(z) in ΦcA for all i > 1. If we further include g0,1 and g2 terms, then
we can predict next to leading ais log
2i−1(N) terms for all i > 2. Again this is due to the
fact that in z space, knowing ΦcA to second order one can predict a
i
sD2i−2(z) terms for all
i > 3. In general, resummed result with terms gc0,0, · · ·gc0,n and gn1 , · · ·, gcn+1 can predict
ans log
2i−n(N) or ansD2i−n−1(z) terms for i > n.
The inclusion of sub leading terms through exp(Ψ cnsv,N) gives additional (1/N) log
j(N)
terms in N space or logj(1 − z) terms in z space. In perturbative QCD, Cc1 = 0, where
c = q, g and we use this in the rest of our analysis. Like the Ψ csv,N exponent, Ψ
c
nsv,N also
organises the perturbation theory by keeping 2as(µ
2
R)β0 log(N) terms as order one at every
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order in as. However these terms are suppressed by 1/N factor at every order in as. With
gc1, g
c
2 in Ψ
c
sv,N and g¯
c
2, h
c
0, h
c
1 in Ψ
c
NSV,N, one can predict (a
i
s/N) log
2i−1(N) terms for all
i > 1. Similarly, knowing Cc01, g
c
0,1,g
c
1, g
c
2, g
c
3 in Ψ
c
sv,N and g¯
c
2, g¯
c
3, h
c
0, h
c
1, h
c
2 in Ψ
c
nsv,N, one can
predict (ais/N) log
2i−2(N) for all i > 2. In general, resummed result with g¯c2, · · · , g¯cn+1
and hc1, · · ·, hcn in Ψ cNSV,N along with g0,1, · · ·g0,n−1 and g1, · · ·, gn+1 in Ψ csv,N can predict
(ais/N) log
2i−n(N) for all i > n in Mellin space N . Table [2] summarises our findings.
Using the second order results for DIS, semi-inclusive e+e− annihilation and DY, a
striking observation was made by Moch and Vogt in [110] (and [23, 28], for an earlier work
along this direction see [118]) on the physical evolution kernels namely the enhancement
of a single-logarithms at large z to all order in 1− z. It was found that if we assume that
it will hold true at every order in as, the structure of corresponding leading log(1 − z)
terms in the kernel can be constrained. This allowed them to predict certain next to SV
logarithms at higher orders in as. Using our N space results, we present here our findings
on the structure of leading logarithms in the physical evolution kernel. When the cross
sections involve convolutions, it is convenient to work in Mellin space. We define the Mellin
moment of hadronic cross section σ(q2, τ) as:
σN (q
2) =
∫ 1
0
dττN−1σ(q2, τ) (3.12)
The hadronic observable σ(q2, τ) is renormalisation scheme (RS) independent namely it
does not depend on the scheme in which ∆ab and fc are defined. The fact that fc is
independent of q2, the first derivative of σ with respect to q2 will not depend on fc.
Restricting ourselves to SV and NSV terms, we can define physical evolution kernel Kc by
Kc(as(µ2R), N) = q2
d
dq2
log
(
σN (q
2)
σ0(q2)
) ∣∣∣∣∣
sv+nsv
,
= q2
d
dq2
log∆c,N (q
2). (3.13)
which is independent of any renormalisation scheme. The kernel Kc(as(µ2R), N) can be
computed order by order in perturbation theory using log∆c,N .
Kc(as(µ2R), N) =
∞∑
i=1
ais(µ
2
R)Kci−1(N) (3.14)
As in [110], the leading (1/N) logi(N) terms at every order defined by Kc:
Kci = Kci
∣∣∣∣
(1/N) logi(N)
(3.15)
can be obtained. Using Eq.(3.5), we find that these terms can be obtained directly from
Ψ cnsv,N alone and are given by
Kc0 = Ac1 + 2Dc1 ,
Kc1 = 2Ac1β0 − 2Cc2 + 4β0 Dc1 + 2β0 ϕ(1)c,1 ,
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Kc2 = 4Ac1β20 − 8β0 Cc2 + 8β20 Dc1 + 8β20 ϕ(1)c,1 − 4β0 ϕ(2)c,2 ,
K3 = 8Ac1β30 − 24β20 Cc2 + 16β30 Dc1 + 24β30 ϕ(1)c,1 − 24β20 ϕ(2)c,2 + 6β0 ϕ(3)c,3 ,
Kc4 = 16Ac1β40 − 64β30 Cc2 + 32β40 Dc1 + 64β40 ϕ(1)c,1 − 96β30 ϕ(2)c,2 + 48β20 ϕ(3)c,3 − 8β0 ϕ(4)c,4 .
The highest power of log(N) in the 1/N coefficient of Kc is simply due to the upper limit
on the summation in Eq.(2.28). We find that the structure of Kci resembles very much like
that of [110] and in addition, we find numerical agreement up to two loops for DY and to
three loops for Higgs boson production after substituting the known values for Cc, Dc and
ϕic,i. Interestingly at every order in a
i
s the leading (1/N) log
i(N) terms are controlled by
Dc1 and C
c
2 from L
c and ϕ
(i)
c,i . This is our prediction for the leading 1/N behavior of the
physical evolution kernel, Kc, at every order in perturbation theory.
4 Conclusions
Understanding the structure of threshold logarithms in inclusive reactions such as produc-
tion of a pair of leptons in Drell-Yan process and of Higgs boson in gluon annihilation
as well as bottom quark annihilation is important because they not only dominate but
also become large in certain kinematical regions spoiling the reliability of the perturbative
predictions. The soft plus virtual contributions that dominate in the threshold limit are
well understood in terms of certain IR anomalous dimensions and process independent soft
distributions. A systematic way of resumming SV logarithms to all orders exists in Mellin
N space. While SV contributions dominate, the next to SV contributions are as important
as SV for any precision studies and hence can not be ignored. Next to SV terms also can
give large contributions at every order in perturbation theory spoiling the reliability of the
perturbation series. The canonical resolution of resummation for the next to SV terms is
unfortunately hard to achieve. In this article, we have studied the structure of next to SV
logarithms both in z and N spaces. Using IR factorisation and UV renormalisation group
invariance, we show that both SV and next to SV contributions satisfy Sudakov differen-
tial equation whose solution provides an all order perturbative result in strong coupling
constant. We show that like SV contributions, next to SV contributions also demonstrate
IR structure in terms of certain infrared anomalous dimensions and process independent
functions. The underlying universal IR structure of NSV terms can be unravelled when
results for variety of inclusive reactions become available. In z space, we show that next
to SV contributions do exponentiate allowing us to predict the corresponding next to SV
logarithms to all orders. We show that the exponent in the z space has an integral repre-
sentation which can be used to study these threshold logarithms in Mellin N space. We
also show that the NSV logarithms in N space organise themselves exactly like the SV ones
in such a way so as to keep 2as(µ
2
R)β0 log(N) as a order one term to all orders in as(µ
2
R).
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6 Appendix-A
In this section, we describe how the Mellin moment of Ψ c is obtained. We begin with
Ψ csv,N =
∫ 1
0
dz
(
zN−1 − 1
1− z
)(∫ q2(1−z)2
µ2F
dλ2
λ2
2Ac(as(λ
2) + 2G
c
SV (as(q
2(1− z)2))
)
(6.1)
We follow the method described in [111] to perform Mellin moment. In the large N , keeping
1
N corrections, we replace∫ 1
0
dz
(
zN−1 − 1) → ΓA(N d
dN
)∫ 1
0
dz θ
(
1− z − 1
N
)
(6.2)
where ΓA(N
d
dN ) is given in Appendix[8]. We expand ΓA in powers of Nd/dN and apply
on the integral. We then make appropriate change of variables and interchange of integrals
to obtain
Ψ csv,N = −
∫ q2
q2/N2
dλ2
λ2
{(
ln
q2
λ2N2
− 2γA1
)
Ac(as(λ
2)) +G
c
SV
(
as(λ
2)
)
+λ2
d
dλ2
FcA(as(λ2))
}
+ FcA(as(q2))
−2
(
γA1 + log(N)
)∫ q2
µ2F
dλ2
λ2
Ac(as(λ
2)) , (6.3)
where
FcA(as(λ2)) = −2γA1 GcSV
(
as(λ
2)
)
+ 4
∞∑
i=0
γAi+2
(
− 2β(as(λ2)) ∂
∂as(λ2)
)i{
Ac(as(λ
2))
+β(as(λ
2))
∂
∂as(λ2)
G
c
SV
(
as(λ
2)
)}
. (6.4)
Here β(as(λ
2)) is defined as, β(as(λ
2)) = −
∞∑
i=0
βi a
i+2
s (λ
2) (also see [119, 120] for QCD) .
Replacing as(λ
2) by
as(λ
2) =
(
as(µ
2
R)
l
)[
1− as(µ
2
R)
l
β1
β0
log(l) +
(
as(µ
2
R)
l
)2(β21
β20
(log2(l)− log(l)
+l − 1)− β2
β0
(l − 1)
)
+
(
as(µ
2
R)
l
)3(β31
β30
(
2(1− l) log(l) + 5
2
log2(l)
− log3(l)− 1
2
+ l − 1
2
l2
)
+
β3
2β0
(1− l2) + β1β2
β20
(
2l log(l)
−3 log(l)− l(1− l)
))]
, (6.5)
where l = 1 − β0as(µ2R) log(µ2R/λ2) and performing the integrals over λ2 we obtain the
result given in Eq. (3.8).
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We follow similar steps to perform Mellin moment of Ψ cnsv. We define
Ψ cnsv,N = 2
∫ 1
0
dz zN−1
{∫ q2(1−z)2
µ2F
dλ2
λ2
Lc(as(λ
2), z) + ϕf,c
(
as(q
2(1− z)2), z)}. (6.6)
Following [111], in the large N and keeping 1N corrections, we replace∫ 1
0
dzzN−1 → ΓB
(
N
d
dN
)∫ 1
0
dz
1− z θ
(
1− z − 1
N
)
, (6.7)
where ΓB(N
d
dN ) is given in Appendix[8] and we replace Nd/dN by
N
d
dN
= N
∂
∂N
− 2β(as(λ2)) ∂
∂as(λ2)
, (6.8)
to deal with N appearing in the argument of as(q
2/N2) and also the explicit ones present
in ϕf,c. After a little algebra, we obtain
Ψ cnsv,N = −
1
N
∫ q2
q2
N2
dλ2
λ2
{
ξc(as(λ
2), N) + λ2
d
dλ2
FcB
(
as(λ
2), N
)}
+
1
N
FcB
(
as(q
2), N
)
+
1
N
∫ q2
µ2F
dλ2
λ2
ξc(as(λ
2), N) , (6.9)
where the functions ξc is defined as
ξc(as, N) = −2
(
− γB1
(
Dc(as)− Cc(as) log(N)
)
+ γB2 C
c(as)
)
, (6.10)
and
FcB
(
as(λ
2), N
)
= 2γB1 ϕf,c(as(λ
2), N)− 4γB2
(
λ2
d
dλ2
ϕf,c(as(λ
2), N) + ξ˜c(as(λ
2), N)
)
+8
(
γB3 + γ˜
B
)(
λ2
d
dλ2
{
λ2
d
dλ2
ϕf,c(as(λ
2), N) + ξ˜c(as(λ
2), N)
}
+
1
2
Cc(as(λ
2))
)
. (6.11)
where
ξ˜c(as, N) =
(
Dc(as)− Cc(as) log(N)
)
,
ϕf,c(as(λ
2), N) =
∞∑
i=1
i∑
k=0
ais(λ
2)ϕ
(k)
c,i (− log(N))k , γ˜B =
∞∑
i=4
γBi
(
N
d
dN
)i−3
. (6.12)
Using Eq.(6.5), we perform λ2 integrations to obtain the result given in Eq. (3.10).
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7 Appendix-B
In this appendix, we present the relations between the expansion coefficients ϕ
(k)
c,i appearing
in Eq.(2.35) and the coefficients Gc,(j,k)L,i s:
ϕ
(k)
c,1 = Gc,(1,k)L,1 , k = 0, 1
ϕ
(k)
c,2 =
(
1
2
Gc,(1,k)L,2 + β0Gc,(2,k)L,1
)
, k = 0, 1, 2
ϕ
(k)
c,3 =
(
1
3
Gc,(1,k)L,3 +
2
3
β1Gc,(2,k)L,1 +
2
3
β0Gc,(2,k)L,2 +
4
3
β20Gc,(3,k)L,1
)
, k = 0, 1, 2, 3
ϕ
(k)
c,4 =
(
1
4
Gc,(1,k)L,4 +
1
2
β2Gc,(2,k)L,1 +
1
2
β1Gc,(2,k)L,2 +
1
2
β0Gc,(2,k)L,3 + 2β0β1Gc,(3,k)L,1 + β20Gc,(3,k)L,2
+2β30Gc,(4,k)L,1
)
, k = 0, 1, 2, 3, 4
(7.1)
with Gc,(2,3)L,1 ,Gc,(2,4)L,1 ,Gc,(2,4)L,2 ,Gc,(3,4)L,1 are all zero.
8 Appendix-C
In the section, we present the expansion coefficients of ΓA(x) and ΓB(x) used in the
Eqs.(6.2,6.7) of the Appendix[6] . As in [111], the operators ΓA(x) and ΓB(x) are ex-
panded in powers of x as
ΓJ
(
x
)
=
∑
i=1
γJi x
i, J = A,B (8.1)
where coefficients γAi are given by [111]
γAi =
Γk(N)
k
(−1)k−1 , (8.2)
See Eq.(25) of [111] for the definition of Γk(N). We find,
γA1 = γE −
1
2N
,
γA2 =
1
2
(
γ2E + ζ2
)
− 1
2N
(
1 + γE
)
,
γA3 =
1
6
γ3E +
1
2
(
γEζ2
)
+
1
3
ζ3 − 1
4N
(
γ2E + 2γE + ζ2
)
,
γA4 =
1
24
γ4E +
1
4
(
γ2Eζ2
)
+
9
40
ζ22 +
1
3
(
γEζ3
)
− 1
12N
(
γ3E + 3γ
2
E + 3ζ2 + 3γEζ2 + 2ζ3
)
,
γA5 =
1
120
γ5E +
1
12
(
γ3Eζ2
)
+
1
40
(
9γEζ
2
2
)
+
1
6
(
γ2Eζ3
)
+
1
6
(
ζ2ζ3
)
+
1
5
ζ5
− 1
240N
(
20γ3E + 5γ
4
E + 30γ
2
Eζ2 + 27ζ
2
2 + 40ζ3 + 20γE
(
3ζ2 + 2ζ3
))
,
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γA6 =
1
720
γ6E +
1
48
(
γ4Eζ2
)
+
9
80
(
γ2Eζ
2
2
)
+
61
560
ζ32 +
1
18
(
γ3Eζ3
)
+
1
6
(
γEζ2ζ3
)
+
1
18
ζ23 +
1
5
γEζ5 − 1
240N
(
5γ4E + γ
5
E + 10γ
3
Eζ2 + 27ζ
2
2 + 20ζ2ζ3 + 10γ
2
E
(
3ζ2 + 2ζ3
)
+ γE
(
27ζ22 + 40ζ3
)
+ 24ζ5
)
,
γA7 =
1
5040
γ7E +
1
240
(
γ5Eζ2
)
+
3
80
(
γ3Eζ
2
2
)
+
61
560
(
γEζ
3
2
)
+
1
72
(
γ4Eζ3
)
+
1
12
(
γ2Eζ2ζ3
)
+
3
40
(
ζ22ζ3
)
+
1
18
(
γEζ
2
3
)
+
1
10
(
γ2Eζ5
)
+
1
10
(
ζ2ζ5
)
+
1
7
ζ7
− 1
10080N
(
42γ5E + 7γ
6
E + 105γ
4
Eζ2 + 549ζ
3
2 + 840ζ2ζ3 + 140γ
3
E
(
3ζ2 + 2ζ3
)
+ 21γ2E
(
27ζ22 + 40ζ3
)
+ 56
(
5ζ23 + 18ζ5
)
+ 42γE
(
27ζ22 + 20ζ2ζ3 + 24ζ5
))
, (8.3)
and γBi are given by [111]
γBi =
Γ (k)(1)
k
(−1)k−1 , (8.4)
explicitly we find,
γB1 = 1,
γB2 = γE ,
γB3 =
1
2
(
γ2E + ζ2
)
,
γB4 =
1
6
γ3E +
1
2
(
γEζ2
)
+
1
3
ζ3,
γB5 =
1
24
γ4E +
1
4
(
γ2Eζ2
)
+
9
40
ζ22 +
1
3
(
γEζ3
)
,
γB6 =
1
120
γ5E +
1
12
(
γ3Eζ2
)
+
1
40
(
9γEζ
2
2
)
+
1
6
(
γ2Eζ3
)
+
1
6
(
ζ2ζ3
)
+
1
5
ζ5,
γB7 =
1
720
γ6E +
1
48
(
γ4Eζ2
)
+
9
80
(
γ2Eζ
2
2
)
+
61
560
ζ32 +
1
18
(
γ3Eζ3
)
+
1
6
(
γEζ2ζ3
)
+
1
18
ζ23 +
1
5
γEζ5,
γB8 =
1
5040
γ7E +
1
240
(
γ5Eζ2
)
+
3
80
(
γ3Eζ
2
2
)
+
61
560
(
γEζ
3
2
)
+
1
72
(
γ4Eζ3
)
+
1
12
(
γ2Eζ2ζ3
)
+
3
40
(
ζ22ζ3
)
+
1
18
(
γEζ
2
3
)
+
1
10
(
γ2Eζ5
)
+
1
10
(
ζ2ζ5
)
+
1
7
ζ7. (8.5)
9 Appendix-D
The partonic coefficient function given in Eq.(2.41) can be written as,
∆(i)c (q
2, µ2R, µ
2
F , z) = ∆
SV,(i)
c (q
2, µ2R, µ
2
F , z) +∆
NSV,(i)
c (q
2, µ2R, µ
2
F , z) (9.1)
– 26 –
where ∆
SV,(i)
c (q2, µ2R, µ
2
F , z) can be found in [20, 21, 25, 36, 46]. Here we present ∆
NSV,(i)
c
to fourth order where we set µ2R = µ
2
F = q
2 with the following expansion :
∆NSV,(i)c (z) =
(2i−1)∑
k=0
∆ikc log
k(1− z) (9.2)
The following results with the explicit dependence on µR and µF are provided in the ancil-
lary files supplied with the arXiv submission. We also put ∆30c , · · · , ∆32c and ∆40c , · · · , ∆44c
in the ancillary files as they were lengthy.
∆10c = 2ϕ
c,(0)
1 ,
∆11c = 2ϕ
c,(1)
1 + 4D
c
1 ,
∆12c = 4C
c
1 ,
∆20c = 2ϕ
(0)
c,2 + 4ϕ
(0)
c,1
(
Gc,(1)1 + gc,11
)
+ 4f c1ϕ
(1)
c,1ζ2 − 16f c1Cc1ζ3 + 8Ac1ϕ(1)c,1ζ3 + 6Ac1ϕ(0)c,1ζ2
+ 2
(
f c1
)2 − 16
5
Ac1C
c
1ζ
2
2 − 8
(
Ac1
)2
ζ2 + 8D
c
1f
c
1ζ2 + 16D
c
1A
c
1ζ3 ,
∆21c = 2ϕ
(1)
c,2 + 4ϕ
(1)
c,1
(
Gc,(1)1 + gc,11
)
− 4ϕ(0)c,1β0 − 4f c1ϕ(0)c,1 + 16f c1Cc1ζ2 − 2Ac1ϕ(1)c,1ζ2 + 4Dc2
− 8Ac1f c1 + 64Ac1Cc1ζ3 − 4Dc1Ac1ζ2 + 8Dc1
(
Gc,(1)1 + gc,11
)
,
∆22c = 2ϕ
(2)
c,2 − 4ϕ(1)c,1β0 + 4Cc2 + Cc1
(
8Gc,(1)1 + 8gc,11
)
− 4f c1ϕ(1)c,1 + 4Ac1ϕ(0)c,1 − 20Ac1Cc1ζ2
+ 8(Ac1)
2 − 8Dc1f c1 − 4Dc1β0 ,
∆23c =− 4Cc1β0 − 8f c1Cc1 + 4Ac1ϕ(1)c,1 + 8Dc1Ac1 ,
∆24c = 8A
c
1C
c
1 ,
∆33c = 2ϕ
(3)
c,3 − 8β0
(
ϕ
(2)
c,2 − ϕ(1)c,1β0 + Cc2
)
− 4Cc1
(
β1 + 6β0Gc,(1)1 + 2β0gc,11
)
− 8
(
f c2C
c
1 + f
c
1C
c
2
)
− 4f c1ϕ(2)c,2 + 12f c1ϕ(1)c,1β0 − 16f c1Cc1
(
Gc,(1)1 + gc,11
)
+ 4(f c1)
2ϕ
(1)
c,1 + 4A
c
2ϕ
(1)
c,1 + 4A
c
1ϕ
(1)
c,2
+ 8Ac1ϕ
(1)
c,1
(
Gc,(1)1 + gc,11
)
− 32
3
Ac1ϕ
(0)
c,1β0 + 68A
c
1C
c
1ζ2β0 − 8Ac1f c1ϕ(0)c,1 + 104Ac1f c1Cc1ζ2
− 16(Ac1)2β0 − 20(Ac1)2ϕ(1)c,1ζ2 + 320(Ac1)2Cc1ζ3 − 32(Ac1)2f c1 + 16Dc1f c1β0 + 8Dc1(f c1)2
+ 8Dc1A
c
2 + 16D
c
1A
c
1
(
Gc,(1)1 + gc,11
)
− 40Dc1(Ac1)2ζ2 +
16
3
Dc1β
2
0 + 8D
c
2A
c
1 ,
∆34c =
16
3
Cc1β
2
0 + 16f
c
1C
c
1β0 + 8C
c
1
(
(f c1)
2 +Ac2
)
+ 16(Ac1)
3 + 4Ac1ϕ
(2)
c,2 −
32
3
Ac1ϕ
(1)
c,1β0 + 8A
c
1C
c
2
+ 16Ac1C
c
1
(
Gc,(1)1 + gc,11
)
− 8Ac1f c1ϕ(1)c,1 + 4(Ac1)2ϕ(0)c,1 − 72(Ac1)2Cc1ζ2 −
40
3
Dc1A
c
1β0
− 16Dc1Ac1f c1 ,
∆35c = −
40
3
Ac1C
c
1β0 − 16Ac1f c1Cc1 + 4(Ac1)2ϕ(1)c,1 + 8Dc1(Ac1)2 ,
∆36c = 8(A
c
1)
2Cc1 ,
∆45c = − 8Cc1β30 −
88
3
f c1C
c
1β
2
0 − 24(f c1)2Cc1β0 −
16
3
(f c1)
3Cc1 −
56
3
Ac2C
c
1β0 − 16Ac2f c1Cc1 + 4Ac1ϕ(3)c,3
– 27 –
− 56
3
Ac1ϕ
(2)
c,2β0 + 24A
c
1ϕ
(1)
c,1β
2
0 +
64
3
Ac1D
c
1β
2
0 −
64
3
Ac1C
c
2β0 −
1
3
Ac1C
c
1
(
40β1 + 176β0Gc,(1)1
+ 80β0g
c,1
1
)
− 16Ac1f c2Cc1 − 8Ac1f c1ϕ(2)c,2 +
88
3
Ac1f
c
1ϕ
(1)
c,1β0 +
128
3
Ac1f
c
1D
c
1β0 − 16Ac1f c1Cc2
− 32Ac1f c1Cc1
(
Gc,(1)1 + gc,11
)
+ 8Ac1(f
c
1)
2ϕ
(1)
c,1 + 16A
c
1(f
c
1)
2Dc1 + 8A
c
1A
c
2ϕ
(1)
c,1 + 16A
c
1A
c
2D
c
1
+ 4(Ac1)
2ϕ
(1)
c,2 + 8(A
c
1)
2ϕ
(1)
c,1
(
Gc,(1)1 + gc,11
)
− 40
3
(Ac1)
2ϕ
(0)
c,1β0 + 8(A
c
1)
2Dc2 + 16(A
c
1)
2Dc1
(
+ Gc,(1)1 + gc,11
)
+
776
3
(Ac1)
2Cc1β0ζ2 − 8(Ac1)2f c1ϕ(0)c,1 + 240(Ac1)2f c1Cc1ζ2 −
128
3
(Ac1)
3β0
− 36(Ac1)3ϕ(1)c,1ζ2 − 72(Ac1)3Dc1ζ2 +
1792
3
(Ac1)
3Cc1ζ3 − 48(Ac1)3f c1 ,
∆46c =
64
3
Ac1C
c
1β
2
0 +
128
3
Ac1f
c
1C
c
1β0 + 16A
c
1(f
c
1)
2Cc1 + 16A
c
1A
c
2C
c
1 + 4
(
Ac1
)2
ϕ
(2)
c,2 −
40
3
(Ac1)
2ϕ
(1)
c,1β0
− 56
3
(Ac1)
2Dc1β0 + 8
(
Ac1
)2
Cc2 + 16(A
c
1)
2Cc1
(
Gc,(1)1 + gc,11
)
− 8(Ac1)2f c1ϕ(1)c,1 − 16(Ac1)2f c1Dc1
+
8
3
(Ac1)
3ϕ
(0)
c,1 − 104(Ac1)3Cc1ζ2 + 16
(
Ac1
)4
,
∆47c = −
56
3
(Ac1)
2Cc1β0 − 16(Ac1)2f c1Cc1 +
8
3
(
Ac1
)3
ϕ
(1)
c,1 +
16
3
(Ac1)
3Dc1 ,
∆48c =
16
3
(Ac1)
3Cc1 . (9.3)
The symbols Gc,(k)j and gc,kj are also provided in the ancillary files with the arXiv
submission.
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The resummation constants hcij(ω) given in Eq.(3.10) are found to be as following. Here
L¯ω = log(1− ω), Lqr = log( q2µ2R ), Lfr = log(
µ2F
µ2R
) and ω = 2β0as(µ
2
R) logN .
hc00(ω) =
2
β0
L¯ω
[
− γB2 Cc1 + γB1 Dc1
]
,
hc01(ω) =
2
β0
L¯ω
[
− γB1 Cc1
]
,
hc10(ω) =
1
(1− ω)
[
2β1D
c
1
β20
{
γB1 ω + γ
B
1 L¯ω
}
− 2β1
β20
Cc1
{
γB2 ω + γ
B
2 L¯ω
}
− 2D
c
2
β0
γB1 ω + 2
Cc2
β0
γB2 ω
− 2ϕ(1)c,1γB2 + 2ϕ(0)c,1γB1 + 2Dc1
{
Lqrγ
B
1 − LfrγB1 + LfrγB1 ω − 2γB2
}
− 2Cc1
{
Lqrγ
B
2
− LfrγB2 + LfrγB2 ω − 4γB3
}]
,
hc11(ω) =
1
(1− ω)
[
β1
β20
Cc1
{
− 2γB1 ω − 2γB1 L¯ω
}
+ 2
Cc2
β0
γB1 ω − 2ϕ(1)c,1γB1 + Cc1
{
− 2LqrγB1 + 2LfrγB1
− 2LfrγB1 ω + 4γB2
}]
,
– 28 –
hc21(ω) =
1
(1− ω)2
[
β21C
c
1
β30
{
− γB1 ω2 + γB1 L¯2ω
}
+
β2C
c
1
β20
γB1 ω
2 +
β1C
c
2
β20
{
− 2ω + ω2 − 2L¯ω
}
γB1
+
Cc3
β0
{
2γB1 ω − γB1 ω2
}
+ 2
β1ϕ
(1)
c,1
β0
γB1 L¯ω +
β1C
c
1
β0
{
2Lqrγ
B
1 − 4γB2
}
L¯ω + 4ϕ
(2)
c,2γ
B
2
− 2ϕ(1)c,2γB1 + Cc2
{
− 2LqrγB1 + 2LfrγB1 (1− ω)2 + 4γB2
}
+ 2β0ϕ
(1)
c,1
{
Lqrγ
B
1 − 2γB2
}
+ β0C
c
1
{
L2qrγ
B
1 − 4LqrγB2 − L2frγB1 + 2L2frγB1 ω + 8γB3 − L2frγB1 ω2
}]
,
hc22(ω) =
1
(1− ω)2
[
2ϕ
(2)
c,2γ
B
1
]
,
hc32(ω) =
1
(1− ω)3
[
− 4γB1 L¯ω
{
β1ϕ
(2)
c,2
β0
}
− 6ϕ(3)c,3γB2 + 2ϕ(2)c,3γB1 − 4β0ϕ(2)c,2
{
Lqrγ
B
1 − 2γB2
}]
,
hc33(ω) =
1
(1− ω)3
[
− 2ϕ(3)c,3γB1
]
,
hc42(ω) =
1
(1− ω)4
[
2β21
β20
ϕ
(2)
c,2
{
3L
2
w − 2ω − 2Lw
}
γB1 +
4β2
β0
ϕ
(2)
c,2γ
B
1 ω +
18β1
β0
ϕ
(3)
c,3γ
B
2 Lw + 24ϕ
(4)
c,4γ
B
3
− 6β1
β0
ϕ
(2)
c,3γ
B
1 Lw − 6ϕ(3)c,4γB2 + 2ϕ(2)c,4γB1 − 4β1ϕ(2)c,2
{
Lqrγ
B
1 − 3LqrγB1 Lw − 2γB2 + 6γB2 Lw
}
+ 18β0ϕ
(3)
c,3
{
Lqrγ
B
2 − 4γB3
}
− 6β0ϕ(2)c,3
{
Lqrγ
B
1 − 2γB2
}
+ 6β20ϕ
(2)
c,2
{
+ L2qrγ
B
1 − 4LqrγB2
+ 8γB3
}]
,
hc43(ω) =
2
(1− ω)4
[
3β1
β0
ϕ
(3)
c,3γ
B
1 Lw + 4ϕ
(4)
c,4γ
B
2 − ϕ(3)c,4γB1 + 3β0ϕ(3)c,3
{
Lqrγ
B
1 − 2γB2
}]
,
hc44(ω) =
2ϕ
(4)
c,4γ
B
1
(1− ω)4 . (10.1)
The above results along with the bigger ones (hc20(ω), h
c
30(ω), h
c
31(ω)) and (h
c
40(ω), h
c
41(ω))
are all provided in the ancillary files with the arXiv submission.
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The resummation constants g¯ci (ω) given in Eq.(3.10) are presented below. Here L¯ω =
log(1 − ω), Lqr = log( q2µ2R ), Lfr = log(
µ2F
µ2R
) and ω = 2β0as(µ
2
R) log(N). Also, D
c
i are the
threshold exponent given in [46].
g¯c2(ω) =
Ac1
β0
Lw ,
g¯c3(ω) =
1
(1− ω)
[
Dc1
2
− A
c
2
β0
ω +
Ac1β1
β20
(
ω + Lw
)
−Ac1
(
2 + 2γE − Lqr + Lfr(1− ω)
)]
,
g¯c4(ω) =
1
(1− ω)2
[
Dc2
{1
2
}
+Dc1
{
− Lw
2
β1
β0
+ β0
(
1 + γE − 1
2
Lqr
)}
− A
c
3
β0
{
1− ω
2
}
ω
+Ac2
{
+
β1
β20
(
ω − 1
2
ω2 + Lw
)
−
(
2 + 2γE − Lqr + Lfr(1− ω)2
)}
− β2A
c
1
β20
ω2
2
– 29 –
+Ac1
{
β21
2β30
(
ω2 − L2w
)
+
β1
β0
(
2 + 2γE − Lqr
)
Lw − 2β0
(
2γE + γ
2
E + ζ2 − Lqr
− LqrγE + 1
4
L2qr −
1
4
L2fr(1− ω)2
)}]
,
g¯c5(ω) =
1
(1− ω)3
[
Dc1
{
β21
2β20
(
− ω − Lw + L2w
)
+
ωβ2
2β0
+ β1
(
1 + γE − 1
2
Lqr
)(
1− 2Lw
)
+ 2β20
(
2γE + γ
2
E + ζ2 − Lqr − LqrγE +
1
4
L2qr
)}
+Dc2
{
− β1
β0
Lw + β0
(
2 + 2γE
− Lqr
)}
+
1
2
Dc3 −
Ac4
β0
ω
{
1− ω + 1
3
ω2
}
+Ac3
{
β1
β20
(
ω − ω2 + 1
3
ω3 + Lw
)
− 2
− 2γE + Lqr − Lfr + 3Lfr
(
1− ω + ω
2
3
)
ω
}
+Ac2
{
β21
β30
(
ω2 − 1
3
ω3 − L2w
)
− β2
β20(
1− 1
3
ω
)
ω2 + 2
β1
β0
(
2 + 2γE − Lqr
)
Lw − β0
(
8γE + 4γ
2
E + 4ζ2 − 4Lqr(1 + γE)
+ L2qr − L2fr + 3L2fr
(
1− ω + ω
2
3
)
ω
)}
+Ac1
{
− β
3
1
β40
(1
2
ω2 − 1
3
ω3 + Lwω +
1
2
L
2
w
− 1
3
L
3
w
)
+
β1β2
β30
(
ω − 2
3
ω2 + Lw
)
ω − β3
β20
ω2
(1
2
− 1
3
ω
)
+ 2
β21
β20
(
ω + Lw − L2w
)(
1
+ γE − Lqr
2
)
+
β2
β0
(
− 2− 2γE + Lqr
)
ω + β1
(
− 4γE − 2γ2E − 2ζ2 + 2Lqr −
1
2
L2qr
+ 2LqrγE
)(
1− 2Lw
)
+
β1
2
L2fr(1− ω)3 − β20
(
8γ2E +
8
3
γ3E +
16
3
ζ3 + 2(4ζ2 + L
2
qr)
(1 + γE)− 4LqrγE(2 + γE)− 4Lqrζ2 − 1
3
L3qr +
1
3
L3fr(1− ω)3
)}]
. (11.1)
As before here also we provide the above results along with g¯c6(ω) in the ancillary files
with the arXiv submission.
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